An alternative derivation of many-body perturbation theory ͑MBPT͒ has been given, where a coupled cluster parametrization is used for the wave function and the method of undetermined Lagrange multipliers is applied to set up a variational coupled cluster energy expression. In this variational formulation, the nth-order amplitudes determine the energy to order 2nϩ1 and the nth-order multipliers determine the energy to order 2nϩ2. We have developed an iterative approximate coupled cluster singles, doubles, and triples model CC3, where the triples amplitudes are correct through second order and the singles amplitudes are treated without approximations due to the unique role of singles as approximate orbital relaxation parameters. The compact energy expressions obtained from the variational formulation exhibit in a simple way the relationship between CC3, CCSDT-1a ͓Lee et al., J. Chem. Phys. 81, 5906 ͑1984͔͒ CCSDT-1b models ͓Urban et al., J. Chem. Phys. 83, 4041 ͑1985͔͒, and the CCSD͑T͒ model ͓Raghavachari et al., Chem. Phys. Lett. 157, 479 ͑1989͔͒. Sample calculations of total energies are presented for the molecules H 2 O, C 2 , CO, and C 2 H 4 . Comparisons are made with full CCSDT, CCSDT-1a, CCSDT-1b, CCSD͑T͒, and full configuration interaction ͑FCI͒ results. These calculations demonstrate that CC3 and CCSD͑T͒ give total energies of a similar quality. If results obtained by CC3 and CCSD͑T͒ differ significantly, neither method can be trusted. In contrast to CCSD͑T͒, time-dependent response functions can be obtained for CC3.
I. INTRODUCTION
The coupled cluster ͑CC͒ model was introduced in the early 1960s and has since gained increasing popularity. The coupled cluster model is size extensive and describes in an efficient way the dynamical correlation. Today the CC singles and doubles ͑CCSD͒ model is one of the most commonly used methods for obtaining an accurate correlated description of the electronic structure of single configuration dominated systems. 1 The CCSD scale as N 6 , where N is the number of orbitals. Extensions of CCSD to a singles, doubles, and triples ͑CCSDT͒ model 2,3 is desirable in order to obtain a more accurate solution and also because triples have shown some ability to recover static correlation contributions. CCSDT calculations scale as N 8 and triples amplitudes must be stored. It is therefore desirable to develop methods where triples are treated in an approximate fashion. Two strategies have been advocated, both of which may avoid the storage of triples amplitudes and reduce the computational effort to that of an N 7 algorithm. In the first approach, simplifications are introduced in the CCSDT amplitudes equations, and iterative methods are used to solve the amplitude equations. [4] [5] [6] In the other and more popular approach, the lowest-order perturbation energy contributions from connected triples are added to the CCSD energy. [6] [7] [8] [9] The CCSD energy is correct through fourth order except for one fourth-order contribution from connected triples. This contribution is added in all perturbation energy corrected CCSD models. In the first of these CCSDϩT͑CCSD͒, only the fourth-order energy contribution was added, but with CCSD cluster amplitudes replacing the doubles correlation coefficients. The connected triples give one fifth-order contribution involving singles amplitudes. If this contribution is added to the CCSD energy together with the connected triples fourth-order contribution, but with the CCSD single and double amplitudes replacing the single and double correlation coefficients, then the CCSD͑T͒ model is obtained. 8 This approach is the most widely used approximate triples model and is also observed to be the best behaved. However, the CCSD͑T͒ model is unsatisfactory from a pure perturbational point of view, in the sense that we include two particular fifth-order triples contributions and disregard all others, with no apparent justification. The effect of considering all fifth-order contributions has been considered by Bartlett et al. 10 The CCSD͑T͒ and all noniterative perturbation corrected CCSD models are two-step procedures. First a CCSD calculation is carried out to determine the amplitudes and energy, next the effect of connected triples is taken into account by adding low-order perturbation triples energy terms that are absent in the CCSD model. Response functions cannot be obtained in a consistent manner from such two-step approaches. For example, the CCSD͑T͒ model has a pole structure corresponding to that of the CCSD wave function. Therefore, excitation energies and frequency-dependent molecular properties cannot be obtained that are consistent with the CCSD͑T͒ model. The CCSD͑T͒ model can thus only be applied to ground state energies and static molecular properties. Response functions with a well-defined pole structure, i.e., with only one set of poles obtained at the level of approximation of the reference wave function, can only be obtained in models where the determination of parameters and energy can be viewed as a one-step approach. This is the case for the CC3 model and for the models where approximate triples amplitude equations are solved iteratively.
If the triples equation is approximated according to second-order perturbation theory, the cluster amplitude equations of the CCSDT-1b model of Urban et al. are obtained. 6 The CCSDT-1b model is one of the many models proposed by Urban et al. , where approximations are introduced in the CCSDT amplitude equations to arrive at models that scale as N
7
. The CCSDT-1a model is obtained from CCSDT-1b by neglecting the singles in the connected triples contributions to the doubles equations. CCSDT-1a appears to be the most popular iterative approximation to CCSDT.
Perturbation analysis based on the Hartree-Fock energy shows that singles occur to second order in the wave function and to fourth order in the energy. They therefore appear to be much less important than the doubles, which occur to first order in the wave function and second order in the energy. However, if an external perturbation is applied to the system, the singles are first order in the external perturbation and zeroth order in the fluctuation potential. Singles are thus more important than suggested by the energy. The singles have the unique role of being approximate orbital relaxation parameters. We therefore require that the CC3 model introduces no approximations in the treatment of singles. Thus, the singles amplitudes are treated as zeroth order in the fluctuation potential. We further require CC3 to treat triples correct to second order. In this way we obtain an iterative approximate triples model that is well suited for describing molecular properties. In a separate paper we have derived the CC3 linear response function. This includes a pole and residue analysis to determine CC3 excitation energies and transition matrix elements. The CC3 linear response function has also been compared to the ones of the CCSDT-1a and CCSDT-1b models. The special treatment of singles in CC3 has been demonstrated to be extremely important in molecular property calculations, for example, single replacement dominated excitation energies are correct through third order in CC3 and only through second order in CCSDT-1a and CCSDT-1b. The use of the CCSDT-1 ground state wave function was first presented by Watts and Bartlett. Benchmark calculations have demonstrated that little or no improvement are obtained in CCSDT-1 for single replacement dominated excitation energies compared to CCSD while significant improvement is obtained in CC3. We refer to Ref. 11 for a detailed derivation and discussion of the properties of the CC3 linear response function.
To examine the structure of CC3 and other approximate triples models we present an alternative and simple derivation of many-body perturbation theory ͑MBPT͒. In this derivation, we use a coupled cluster parametrization of the exact wave function to ensure that only size-extensive contributions appear in the perturbation expansion. Perturbation theory based on a coupled cluster parametrization of the wave function has been considered by many authors; see Kucharski and Bartlett 12 for a recent reference. We further introduce a variational coupled cluster energy expression. To understand how this is done recall that the CC total energy is calculated from amplitudes that are obtained by solving the amplitude equations. Thus the total energy is formally obtained from a constrained optimization. The CC energy can therefore be viewed as obtained from an unconstrained optimization of a variational energy expression where the cluster amplitude equations are added as constraints using the method of undetermined Lagrange multipliers. Clearly, this gives no simplification in the calculation of the coupled cluster total energy. However, when calculating perturbational approximations to the coupled cluster ͑exact͒ energy, the variational property of this CC Lagrangian becomes important, as the energy through order 2nϩ1 can be obtained from the nth-order correction to the cluster amplitudes and Lagrange multipliers. In fact, the nth-order Lagrange multipliers determine the energy to order 2nϩ2. 13 The use of the 2nϩ1 and 2nϩ2 rules leads to compact energy expressions. The coupled cluster parametrization ensures that only connected contributions are contained in the energy expansion.
The Lagrangian method is a completely general method for handling nonvariational energies. In the special case of coupled cluster theory with fixed orbitals, as in this paper, it becomes equivalent to the method of Arponen 14 in the framework of the ''normal exp(S)'' method. In the context of obtaining an efficient evaluation of coupled cluster energy gradient the derivative of the variational functional was obtained by Bartlett. 15 The functional itself was first used in quantum chemistry by Helgaker and Jo "rgensen 16 to derive coupled cluster energy derivatives. The full strength of a variational formulation, which included consideration of orbital relaxation, was first given by Koch et al. 17 in their description of the first implementation of the CCSD molecular Hessian. The variational property of the CC Lagrangian and the use of the 2nϩ1 and 2nϩ2 rules gives a very compact formulation of the MBPT energy expansion that we use to identify the connected triples energy contributions in fourth and fifth orders and therefore to characterize the CCSD͑T͒ model. CCSD͑T͒ can be interpreted as an approximate triples model where the important connected triples are projected onto the single double space. The first iteration of CCSDT-1a can be used to obtain CCSD͑T͒. In a similar way the first iteration of CC3 can be used to obtain the perturbative model CC͑3͒. Energetically CC͑3͒ is very close to CCSD͑T͒.
II. THE APPROXIMATE COUPLED CLUSTER TRIPLES MODEL CC3

A. Coupled cluster ansatz
The coupled cluster wave function ͉CC͘ can be written as an exponential of a cluster operator T acting on a singledeterminant wave function of noninteracting electrons,
The reference wave function corresponds to the HartreeFock state ͉HF͘. For an N-electron system, the cluster operator is a sum of electron excitations defined with respect to the Hartree-Fock state,
with
The labels i jk••• and abc••• are used for occupied and unoccupied spin orbitals in the Hartree-Fock reference determinant and pqrs••• are used as labels for orbitals with unspecified occupation. The cluster operator truncates at excitation level N, the number of electrons in the system. In a shorthand notation, the cluster operator is written as
where the t i are the cluster amplitudes of excitation level i, and i the associated excitation operators. The CC wave function satisfies the Schrödinger equation
exp͑ϪT ͒H exp͑T ͉͒HF͘ϭE͉HF͘, ͑7͒
and the coupled cluster energy is obtained by projecting Eq. ͑7͒ against ͗HF͉,
Eϭ͗HF͉H exp͑T ͉͒HF͘. ͑8͒
The CC amplitudes are determined by projecting Eq. ͑7͒ onto the excitation manifold ͗ i ͉,
where
With no truncation in the cluster operator, Eqs. ͑8͒ and ͑9͒ give the full configuration interaction ͑FCI͒ solution. For truncated manifolds, the Schrödinger equation is solved in the projected space corresponding to the considered excitation level. For example, in the CC singles and doubles ͑CCSD͒ model, the wave function contains T 1 and T 2 and the amplitudes are determined by projecting against the singles and doubles space. The CCSDT model contains the operators T 1 , T 2 , and T 3 , and the amplitudes are determined by including triples in the projection manifold. Total energies are obtained from Eq. ͑8͒.
B. Coupled-cluster derivation of many-body perturbation theory
The coupled cluster Lagrangian
The CC energy is determined from Eq. ͑8͒ subject to the constraint that the cluster amplitudes are obtained from the amplitude equations, Eq. ͑9͒. The CC energy may therefore formally be determined by an unconstrained optimization of the Lagrangian,
where both the cluster amplitudes t and the associated Lagrange multipliers t are variational. There is no advantage in using the CC Lagrangian to calculate the total energy. For this purpose the simplest is to calculate the amplitudes from Eq. ͑9͒ first, and then obtain the energy from Eq. ͑8͒. However, the variational property of the parameters in Eq. ͑11͒ makes the Lagrangian convenient for evaluating a perturbation expansion of the energy. A coupled cluster formulation of many body perturbation theory has the advantage of giving expressions that are size extensive term by term. This is in contrast to Mo "ller-Plesset perturbation theory, where the energy is size extensive order by order, but where the energy to a given order contains spurious nonsize extensive terms that cancel each other. The MBPT has been formulated in terms of diagrammatic methods giving expressions that are size extensive term by term. A coupled cluster formulation of many body perturbation theory requires no additional rules or theory.
We shall derive the perturbation expressions where the zeroth-order Hamiltonian F corresponds to the Fock operator and the perturbation operator U is the fluctuation potential:
Here the ⑀ p are the orbital energies and V the Fock potential. The CC Lagrangian now reads as
͑15͒
where we have introduced the notation
assuming real parameters. We note that the commutators between F and are particularly simple
Here ⑀ is a linear combination of orbital energies, for example
Therefore, we obtain
and all higher commutators vanish: †͓F,T͔,T ‡ϭ͓ †͓F,T͔,T ‡,T͔ϭ•••ϭ0. ͑21͒
We may thus write the transformed unperturbed Hamiltonian in the form
and obtain the following ͑transition͒ expectation values:
Inserting Eqs. ͑23͒ and ͑24͒ in the Lagrangian, Eq. ͑15͒, we obtain the following expression:
͑25͒
We shall use this expression for the Lagrangian in our perturbation analysis of the coupled-cluster energy.
The coupled-cluster variational conditions
Since the amplitudes and multipliers are variational in the Lagrangian, they can be obtained from the variational conditions
which hold for all perturbational strengths. Before evaluating these derivatives, we note that
We now obtain the following expressions for the differentiated Lagrangian:
Except for the last term in Eq. ͑30͒, the variational conditions for the amplitudes and the associated multipliers are identical.
Perturbation expansion of the coupled-cluster energy
We wish to determine an expansion of the coupled cluster energy,
by expanding the Lagrangian, Eq. ͑25͒, in powers of the perturbation. In addition to the linear and explicit dependence on U, the Lagrangian, Eq. ͑25͒, depends implicitly and nonlinearly on the fluctuation potential through the amplitudes and the associated multipliers:
The perturbation dependence of the amplitudes and their multipliers is obtained by expanding the variational conditions, Eqs. ͑26͒ and ͑27͒, in orders in U,
An order-by-order solution of the so-called response equations,
yields the perturbed amplitudes and multipliers, Eqs. ͑32͒ and ͑33͒. We are interested in the energy equation ͑31͒ to fifth order. According to the 2nϩ1 rule for the amplitudes and the 2nϩ2 rule for the multipliers, we must then determine the responses of the amplitudes and the multipliers to second order. The 2nϩ1 and 2nϩ2 rules are illustrated in Table I . For a proof of the 2nϩ2 rule for the Lagrange multipliers, see Ref. 13 .
Coupled-cluster response equations
To calculate the energy to fifth order, we must solve the response equations ͑36͒ and ͑37͒ to second order. The zeroth-order equations become TABLE I. The 2nϩ1 rule for the amplitudes and the 2nϩ2 rules for the Langrange multipliers.
which means that the zeroth-order amplitudes and multipliers vanish:
This fact will simplify higher-order expressions greatly. The first-order response equations are given by
Since these equations are the complex conjugates of each other and since real wave functions are assumed, we conclude that the first-order amplitudes and multipliers are identical:
and since the Brillouin conditions holds for the HartreeFock state, we conclude that first-order amplitudes and multipliers involve double excitations only. According to the 2nϩ1 rule, the first-order responses determine the energy to third order. To calculate the fourth and fifth order energies, we also need the second-order responses. We therefore collect terms to second order in the variational conditions and obtain
where we use the notation
We note that since ͓U,T
͑1͒
͔ is a rank-three operator, ͉͓͗U,T ͑1͒ ͔͉HF͘ in Eq. ͑45͒ can involve no higher than triple excitations. Therefore, the second-order amplitudes contain single, double, and triple excitations only. The second-order multipliers, in contrast, involve single, double, triple, and quadruple excitations. To see this, we note that in Eq. ͑46͒ the second term vanishes for all excitations but the last term gives nonvanishing contributions for singles, doubles, triples, and quadruples. Quintuple and higher excitations make no contribution in Eq. ͑46͒ since ͓U, ͔͉HF͘ in such cases corresponds to excitations higher than doubles.
We now show that Eq. ͑45͒ and Eq. ͑46͒ are identical for the single, double, and triple excitation components, differing only in the quadruple excitation component. Expanding the commutators, we may write the second-order response equations in the form
Further simplifications are possible by invoking the resolution of identity. In Eq. ͑48͒ we thus write
Note that only the Hartree-Fock state gives a nonvanishing contribution in the resolution of identity. The Brillouin condition eliminates all terms in the resolution of identity except the Hartree-Fock state and the doubles, and doubles do not contribute since the ͉͗ in Eq. ͑48͒ represent no higher than triple excitations. We may also simplify Eq. ͑49͒ since for all excitations we obtain
The second-order response equations may now be written in the form
where Ū ϭUϪ͗HF͉U͉HF͘. ͑55͒
These equations are the complex conjugate of each other since t (1) ϭt (1) . Therefore, the second-order single, double, and triple amplitudes and multipliers are identical to each other. For quadruples, the situation is quite different since the second-order quadruple amplitudes are zero while the second-order multipliers are nonzero and are obtained from Eq. ͑54͒. We point out that it is the form of the second-order equations in Eq. ͑45͒ and ͑46͒ in terms of commutators between U and the excitation operator that is needed to have each term in the energy expansion be connected. When Ū is introduced in Eqs. ͑53͒-͑55͒, disconnected energy terms will occur that are cancelled out when Eqs. ͑45͒ and ͑46͒ are used.
Perturbed energies
Having derived the equations that determine the CC amplitudes and multipliers to second order, we turn to the energies. The contributions from the amplitudes and multipliers to the energies ͑in terms of orders of perturbation͒ are listed in Table I . Since the excitation levels contained in the firstand second-order amplitudes and multipliers are now known, we may list the contributions from the amplitudes and multipliers to the MBPT energies; see Table II . We note that singles and connected triples make their first appearance in the fourth-order energy, and that connected quadruples make a fifth-order contribution.
To determine the coupled-cluster energies to a given order, we first expand the Lagrangian equation ͑25͒ to the same order. Since the Lagrangian is variational, the resulting expansion may be simplified considerably by taking into account the variational conditions to first order Eqs. ͑41͒ and ͑42͒ and to second order Eqs. ͑45͒ and ͑46͒. The zero-and first-order energies are particularly simple, however, and straightforward expansion of the Lagrangian Eq. ͑25͒ yields
which means that the Hartree-Fock energy is recovered to first-order in perturbation theory:
In accordance with the 2nϩ1 and 2nϩ2 rules, there are no first-order contributions from the amplitudes and multipliers to the first-order energy. We now consider the second-order energy. Expansion of the Lagrangian equation ͑25͒ yields the following expression:
According to the 2nϩ2 rule, the first-order multipliers make no contribution to the second-order energy. We should therefore be able to eliminate from the energy all terms that involve t
͑1͒
. Indeed, we note that Eq. ͑59͒ may be written in the form
and since the condition L ͑1͒ ϭ0 holds ͓see Eq. ͑41͔͒, we arrive at the simple expression
in agreement with the 2nϩ1 and 2nϩ2 rules. The secondorder energy thus depends on the connected doubles only. We now turn to the third-order energy. Collecting all terms to third order in the Lagrangian equation ͑25͒, we obtain
This expression may be simplified considerably. First we note that the fourth term vanishes since the double commutator is a rank four operator containing double or higher excitations. Next, according to the 2nϩ1 and 2nϩ2 rules, E
͑3͒
does not involve second-order amplitudes and mutlipliers. Indeed, we find that Eq. ͑62͒ may be written in the form
which reduces to the expression
by invoking the first-order variational conditions, Eqs. ͑41͒ and ͑42͒, in agreement with the 2nϩ1 rule. Equation ͑64͒ may be rewritten by expanding the commutator and introducing the resolution of identity, yielding
is the form that is obtained in conventional Rayleigh Schrödinger perturbation theory. It contains disconnected energy contributions in contrast to Eq. ͑64͒ where the commutator ensures that all energy contributions are connected.
As indicated in Table II , the fourth-order energy should involve contributions from singles, doubles, and triples. To derive the detailed form of this energy, we expand the Lagrangian to fourth order:
The fifth and sixth terms in this expression vanish since the commutators involve too high excitation levels. The energy may therefore be written in the simpler form:
which yields ͑invoking the variational conditions͒ 
in accordance with the 2nϩ1 and 2nϩ2 rules. Since t
͑2͒
does not have quadruple contributions, the fourth-order energy does not have contributions from connected quadruples. The commutators in Eq. ͑68͒ ensure that all energy contributions are connected. Eq. ͑68͒ may be rewritten to the form that is obtained in conventional Rayleigh Schrödinger perturbation theory and that contains disconnected energy contributions. To do this, we expand the ommutators, yielding
The fourth-order energy in Eq. ͑69͒ arises from interactions of connected doubles with singles, connected doubles, connected triples, disconnected quadruples, and also the Hartree-Fock state. There are no contributions from connected quadruples. Also, there are no interactions that do not involve connected doubles. Proceeding finally to fifth order, we obtain the expression
and by invoking the first and second-order variational conditions we arrive at the expression
for the fifth-order energy, in agreement with the 2nϩ1 rule. Clearly, we have contributions from connected quadruples in the terms involving t
. Using the coupled cluster parametrization of the wave function, we obtain directly that all energy contributions are connected.
C. The CCSD(T) model
Since the CCSD model contains singles and doubles only, it is correct to third order in perturbation theory. To higher orders connected triples make their appearance and any improvement on the CCSD model must take into account the effect of these excitations. Let us identify all energy contributions from connected triples to fourth and fifth orders in the perturbation. The connected triples give one fourth-order contribution
where, for example, T 3 ͑2͒ represents the part of T ͑2͒ containing triples. In fifth order, several contributions arise. From a consideration of excitation levels, the first two terms in Eq. ͑72͒ are seen not to contain contributions from connected triples. The remaining two terms give rise to the following fifthorder connected triples contributions:
Connected triples thus give a fourth-order contribution when projected against the doubles space and fifth-order contributions when projected against the singles, doubles, triples, and quadruples space. The E T (4) term in Eq. ͑73͒ and the first two terms in E T (5) of Eq. ͑74͒ are the only fourth-and fifth-order contributions that result from the projection of connected triples onto the singles and doubles space. For singles and doubles we may write
We may therefore account for the effects of the fourth-and fifth-order triples projected against singles and doubles by calculating the following correction to the CCSD energy:
The terms differing from the true MBPT expansion because of the use of ͗t CCSD ͉ rather than ͗t 1 (2) ϩt 2 (1) ϩt 2 (2) ͉ are at least of sixth order and are thus of little importance relative to the remaining fifth-order terms in Eq. ͑74͒.
D. The CC3 model
Approximate coupled cluster triples models may alternatively be obtained by simplifying the cluster amplitude equations of the CCSDT model and iterating these until convergence. Here we present one such approximate scheme, referred to as the CC3 model, where approximations are guided by the following requirements: ͑1͒ the triples amplitudes should be correct to the first nonvanishing order in perturbation theory; and ͑2͒ the singles amplitudes should be treated as zeroth-order parameters because of their unique role as orbital relaxation parameters. The CCSDT amplitude equations may be written as
͑79͒
Introducing the modified two-electron Hamiltonian,
we may write the singles and doubles equations in the form ͗ 1 ͉exp͑ϪT 2 ͒Ĥ exp͑T 2 ͉͒HF͘ϩ͗ 1 ͉͓H,T 3 ͔͉HF͘ϭ0,
͑81͒
͗ 2 ͉exp͑ϪT 2 ͒Ĥ exp͑T 2 ͉͒HF͘ϩ͗ 2 ͉͓Ĥ ,T 3 ͔͉HF͘ϭ0.
͑82͒
Expanding the triples equations ͑79͒, we obtain
with H 0 and U defined as in Eqs. ͑12͒-͑14͒ and
The computational costs of the five terms in Eq. ͑83͒ scale as , respectively. When the transformed operators Ĥ and Û are used in Eqs. ͑81͒-͑83͒, the singles amplitudes are treated as zeroth-order parameters. Also, use of the first two terms in Eq. ͑83͒ ensures that the connected triples are correct to second order in perturbation theory. Thus, in the CC3 model we determine the wave function from the singles and doubles equations Eqs. ͑81͒ and ͑82͒ together with the triples equation
͑85͒
This equation ensures that the triples are correct to second order and also treats orbital relaxation in an approximate fashion. The simple form of Eq. ͑85͒ allows an explicit solution for the triples in terms of the singles and doubles amplitudes:
͑86͒
Introducing the notation
for the approximate triples amplitudes, we may write the CC3 cluster amplitude equations as ͗ 1 ͉exp͑ϪT 2 ͒Ĥ exp͑T 2 ͉͒HF͘ϩ͗ 1 ͉͓H,Q 3 ͔͉HF͘ϭ0, ͑88͒ ͗ 2 ͉exp͑ϪT 2 ͒Ĥ exp͑T 2 ͉͒HF͘ϩ͗ 2 ͉͓Ĥ ,Q 3 ͔͉HF͘ϭ0.
͑89͒
The first term in Eqs. ͑88͒ and ͑89͒ represents the contributions to the singles and doubles equations that appear in CCSD. The second term represents the nonvanishing connected triples contributions. The singles and doubles equations in Eqs. ͑88͒ and ͑89͒ are similar to the CCSDT singles and doubles equations, where T 3 is replaced by the perturbation correct form Q 3 .
The CC3 model is similar in spirit to the CCSDT-n models of Urban et al. 6 Thus CCSDT-1b is obtained from CC3 if Û in Eq. ͑87͒ is replaced by U. The CCSDT-1a model is obtained if, in addition, Ĥ in the last term of the double equations, Eq. ͑89͒, is replaced by H. In the more elaborate CCSDT-n models ͑nϭ2,3,4͒, various contributions from the last three terms in Eq. ͑83͒ are retained in the triples equations. We note that such approximations may become unbalanced if the terms to be included are not carefully selected according to perturbation theory:
If both terms are included, the model scales as N 8 and it is then probably better to resort to a full CCSDT treatment, which also scales as N 8 . Indeed, the results obtained by Urban et al. 6 confirm that the CCSDT-2 and CCSDT-3 may be unbalanced since they perform no better than CCSDT-1b. The inclusion of the singles does not give similar problems because of the unique role of singles as approximate orbital relaxation parameters.
The CCSD(T) energy can be generated by carrying out a CCSD calculation and multiplying the correction term of the first CCSDT-1a iteration by the CCSD singles and doubles amplitudes. In a similar spirit, we introduce the CC͑3͒ model, where the total energy is obtained from the CCSD energy by adding to it the term generated by multiplying the correction term from the first CC3 iteration by the CCSD amplitudes. Energetically, CC͑3͒ does not differ much from CCSD͑T͒.
E. Closed shell CC3
In the CC3 model, Eqs. ͑88͒ and ͑89͒ are solved using the triples amplitudes generated according to Eq. ͑87͒. The total energy is obtained from Eq. ͑8͒ using the converged singles and doubles amplitudes. We now consider in greater detail a closed-shell system. Since the nonlinear amplitude equations are solved iteratively, the major computational task is to construct the vector functions in Eqs. ͑88͒ and ͑89͒ for a set of trial amplitudes. The right-hand sides in Eqs. ͑88͒ and ͑89͒ appear in standard CCSD theory for closed-shell systems and are given in Ref. 18 using the notation of this paper. The singles and doubles projection manifold is parametrized in terms of a biorthonormal basis:
͑92͒
The one-and two-electron cluster operators are
where t i j ab is symmetric with respect to permutations (ai)↔(b j). The three-electron cluster operator is parametrized as
where the amplitudes are symmetric with respect to the permutations (ai)↔(b j)↔(ck). Assuming that ͗ 3 ͉ refers to a biorthonormal basis, the triples amplitudes can be determined from Eq. ͑84͒ as
where 
III. SAMPLE CALCULATIONS
The performance of the CC3 and CC͑3͒ models has been tested by carrying out calculations on H 2 O, C 2 , CO, and C 2 H 4 . For all molecules except ethylene we stretch the bonds to investigate how well the models describe the increasing size of the static correlation contribution. For comparison we give results of the approximate triples models CCSD͑T͒, CCSDT-1a, CCSDT-1b and full CCSDT. For water we also quote the full configuration interaction ͑FCI͒ results. 19 The CCSDT calculations were carried out using the ACESII program. 20 CCSD͑T͒, CCSDT-1a, and CCSDT-1b results have been checked against ACESII results.
The water calculations are carried out in C 2v symmetry, using geometries from previous FCI calculations. The HOH bond angle is fixed as 110.6°and the OH distances are chosen as R e , 1.5R e , 2.0R e , 2.5R e , and 3.0R e , with R e ϭ1.84345 a.u. The Cartesian coordinates of these geometries are given in Ref. 19 . We have used the spherical cc-pVDZ basis of Dunning 21 and all ten electrons are correlated. FCI, CCSD, CCSDT, and CCSD͑T͒ results have previously been reported for the same geometries and basis set. The weight of the Hartree-Fock configuration in the FCI wave function ͑W HF ͒ and the FCI natural orbital occupation numbers were also reported in Ref. 19 . In Table III we list the results of the approximate triples calculations CC3, CC͑3͒, CCSDT-1a, and CCSDT-1b together with the above-mentioned results.
The approximate triples results can be divided in two groups, the iterative results CC3, CCSDT-1a, and CCSDT1b, and the perturbative results CC͑3͒ and CCSD͑T͒. Close to the equilibrium geometry, the Hartree-Fock configuration dominates and very small differences are observed between the iterative and perturbative methods. Both the iterative and the perturbation-based models approximate very well the full CCSDT results. For example, at equilibrium the largest deviation between the approximate triples and full triples result is 0.16 mH and occurs for CC͑3͒ and CCSD͑T͒. At larger internuclear distances the perturbation models show some degradence, while the iterative approaches approximate the full CCSDT result quite well. For example, at 2R e , where the weight of the Hartree-Fock configuration is 0.589, the CC3 energy is 0.26 mH above the full CCSDT energy, while the CCSD͑T͒ energy is 2.41 mH below CCSDT. At internuclear distances up to 2R e CCSDT is quite close to FCI, whereas for larger OH distances significant degradence occurs. Significantly, even for distances where full CCSDT behaves poorly compared to FCI do the iterative models approximate well CCSDT for example at 2.5R e CC3 is 0.93 mH below CCSDT, while CCSDT-1a and CCSDT-1b are 0.84 and 2.72 mH below, respectively. In water CC3 thus approximates very well CCSDT, even when the static correlation is so large that the performance of CCSDT deteriorates compared to FCI.
In Table IV total energies are given for C 2 in CCSD, CCSD͑T͒, CC͑3͒, CCSDT-1a, CC3, and CCSDT. The internuclear distance varies between 2.0 and 5.5 a.u. The ccpVDZ basis set is used. In Table V , we list the errors in CCSD and in the approximate triples models relative to CCSDT. Close to equilibrium all triples methods reduce the CCSD error by about 90%, with the error now being of opposite sign. At 3.0 a.u., CC3 is the triples method with the largest error relative to CCSDT ͑4 mH͒. In the region 4.0-5.5 a.u. the errors increase significantly-the errors of the triples methods are about half the error of CCSD relative to CCSDT. For all geometries CC͑3͒ is close to CCSD͑T͒ and CCSDT-1a is close to CC3. The perturbative approaches differ significantly from the iterative approaches at some distances. Since errors of the same size occur in the interval 4.0-5.5 a.u. for both iterative and not-iterative models, no systematic trends can be identified.
For CO total energies have been calculated in the interval 1.6-3.0 a.u. using the cc-pVDZ basis set. The energies of the different approaches are given in Table VI, and in Table  VII the errors relative to CCSDT are listed. CCSD͑T͒ is within 0.7 mH of CCSDT at all geometries, while the other methods show a significant degradence with increasing internuclear distance. Note that the behavior of CC͑3͒ is quite different from CCSD͑T͒. The iterative models are within 0.1 mH of CCSDT for Rϭ1.6-1.8 a.u.
The results for ethylene at equilibrium geometry using the cc-pVDZ basis set are given in Table VIII . All approxi- mate triples methods account for more than 90% of the effect of triples. The CCSD͑T͒ and CC͑3͒ results are very close ͑0.01 mH͒ and the same holds for CC3 relative to CCSDT1a. The extra singles contributions in CC͑3͒ and CC3 thus seem to be insignificant.
IV. SUMMARY
We have developed an iterative approximate triples model, CC3, where the triples amplitudes are correct through second order, and where no approximations are made in the treatment of the singles amplitudes because of their unique role as orbital relaxation parameters.
To better understand the structure of the approximate triples models, we have given an alternative deviation of many-body perturbation theory, using the coupled cluster parametrization of the wave function and the method of undetermined Lagrange multipliers to set up a variational coupled cluster energy. In this formulation, the nth-order cluster parameters and Lagrange multipliers determine the energy to order 2nϩ1. In fact, only the nth-order multipliers are needed to obtain the energy to order 2nϩ2. The compact expressions obtained from the variational formulation reveal in a simple manner the connection between the iterative CC3. CCSDT-1a, and CCSDT-1b models and the perturbative CCSD͑T͒ model. It shows that the first iteration of CCSDT-1a can in a simple manner be used to obtain the CCSD͑T͒ energy. From the first iteration of CC3, we obtain in the same way the perturbative CC͑3͒ energy.
We have performed a comparative analysis of CC3 and CC͑3͒ with CCSDT-1a and CCSD͑T͒, with benchmarks against FCI and CCSDT for H 2 O, C 2 , CO, and C 2 H 4 . Close to equilibrium, where the reference state is dominated by a single configuration, they all give about 90%-95% of the effect of triples. Far from equilibrium, where static correlation is more important, they behave similarly-for one molecule some of the models work well whereas for other molecules it may be different models that work well.
In general, the iterative approximate triples methods cannot be expected to be better than the noniterative models, and vice versa. All models are constructed by perturbational arguments and in this sense the numerical tests just confirm the limitations of perturbation theory. Similarly, based on the present study, there is no reason to believe that the special treatment given to singles improves or degrades the accuracy of the total energy. It therefore appears that CC3 for many purposes can be viewed as a good approximation to CCSDT, with an accuracy and a robustness with respect to static correlation that is similar to that of CCSD͑T͒. However, the advantage of CC3 is that it is well suited for calculations of time-dependent properties in contrast to CCSD͑T͒. The response properties of the CC3 model is the subject of a subsequent publication. 
